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MATHEMATICAL ASPECTS OF FINITE 
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P i t t s b u r g h ,  PA 15213 

We survey some mathematical aspects  of f i n i t e  element methods f o r  

t incompressible v iscous  f lows,  concentrat ing on t h e  s t e a d y  p r i m i t i v e  v a r i a b l e  

formulat ion.  We address t h e  d i s c r e t i z a t i o n  of  a weak formulat ion o f  t h e  Navier- 

Stokes equat ions ;  we t h e n  cons ider  the div-s tabi l i ty  c o n d i t i o n ,  whose 

I s a t i s f a c t i o n  i n s u r e s  t h e  s t a b i l i t y  of t he  approximation. S p e c i f i c  choices  o f  

f i n i t e  element spaces  f o r  t h e  v e l o c i t y  and pressure  a r e  t h e n  d iscussed .  

I F i n a l l y ,  t h e  connection between d i f f e r e n t  weak formulat ions and a v a r i e t y  o f  
I 

I boundary c o n d i t i o n s  is explored. 
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HATHEHATICAL, ASPECTS OF FINITE ELMEHT 

"ODS FOR INCOMPRESSIBLE VISCOUS FLOWS 

One of t h e  most success fu l  and w e l l  developed mathematical t h e o r i e s  

concerning f i n i t e  element methods is t h a t  connected with incompressible  flow 11 

problems. The success  of  t h i s  t heo ry  l i e s  not on ly  i n  t h e  accumulated e l egan t  

I 

mathematical r e s u l t s ,  but  a l s o  i n  its impact on p r a c t i c a l  computations.  The I 
outstanding monographs by G i r a u l t  and Raviart CGRl,GR21 g ive  a r igo rous  account 

of t h i s  theory and t o  t h i s  day remain t h e  d e f i n i t i v e  sources .  

I 
I 

I 

I n  t h i s  survey we examine c e r t a i n  mathematical a spec t s  of f i n i t e  element 

methods f o r  t h e  approximate s o l u t i o n  of incompressible  flow problems. Our 1 

I 

p r i n c i p a l  goa l  is t o  present  some of t h e  important mathematical r e s u l t s  which 

a r e  re levant  t o  p r a c t i c a l  computations.  I n  so doing we a l s o  d i s c u s s  use fu l  

a lgori thms.  Due t o  space l i m i t a t i o n s  we focus  on t h e  s t eady  p r i m i t i v e  v a r i a b l e  I 

formulation. Moreover, even wi th in  t h i s  narrow con tex t ,  we w i l l  concen t r a t e  on  

only one of t h e  very many d i f f e r e n t  known approaches.  Some o the r  approaches a r e  

discussed i n ,  e . g . ,  CGRI,GR2,Tol. 

I 

I 

I 

I 
We state a t  t h e  o u t s e t  t h a t  we make no at tempt  a t  being comprehensive i n  

our coverage o r  i n  our  a t t r i b u t i o n s .  To anyone who t a k e s  o f f e n s e ,  we s i n c e r e l y  

apo log  i ze . 

I 
l 

I - The P r i m i t i v e  V a r i a b l e  Formulation 

d L e t  R denote a bounded, poss ib ly  m u l t i p l y  connected, domain i n  R , d=2 o r  
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3, and l e t  r denote  its boundary. As a pro to type  f o r  incompressible  f low 

problems we cons ider  t h e  Navier-Stokes equat ions 

(1.1) u grad  u + grad  p = u Au + f i n  R 

t oge the r  with t h e  incompress ib i l i t y  c o n s t r a i n t  

(1.2) d i v  u = 0 i n  R ' 

and t h e  boundary cond i t ion  

(1.3) u = O  o n r  

where u is t h e  v e l o c i t y  f i e l d ,  p t h e  pressure ,  f t h e  given body f o r c e ,  and v 

t h e  g iven  cons tan t  kinematic  v i s c o s i t y .  In (1.1) t h e  cons t an t  d e n s i t y  has been 

absorbed i n t o  t h e  pressure .  Whenever u and p rep resen t  non-dimensionalized 

v a r i a b l e s ,  t h e n  v is t h e  inverse  of t h e  Reynolds number Re. 

Following our  detailed d i scuss ion  of t h e  approximation of s o l u t i o n s  of 

(1.1)-(1.3) by f i n i t e  element methods, we w i l l  cons ider  o t h e r  incompressible  

flow formula t ions ,  e s p e c i a l l y  as they  concern boundary cond i t ions  o the r  t han  

(1.3). 

I. 1 - func t ion &pace&, nurcmb and Corcrnb 

I n  o rde r  t o  in t roduce  a Galerkin type weak ' formulat ion through which a 

f i n i t e  element approximation is determined, we f i r s t  need t o  de f ine  some 

func t ion  spaces ,  a s soc ia t ed  norms and forms involving func t ions  belonging t o  

those  spaces .  Lucid and more d e t a i l e d  accounts concerning t h e s e  spaces  may be 
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found i n ,  e . g . ,  CBaC,GRZ,ORI. 
2 F i r s t  w e  denote  by L (R) t h e  space of  f u n c t i o n s  which a r e  square  i n t e g r a b l e  

over  R and which is equipped wi th  t h e  i n n e r  product and norm 

I /2 
(p ,q)  = pq and '!q1l0 = f q , q )  , 

R 

r e s p e c t i v e l y .  We then d e f i n e  t h e  c o n s t r a i n e d  space 

2 2 L O W )  = [ q E  L (R) I J q  = o ]  . 
R 

2 
0 Thus L (R) c o n s i s t s  of square i n t e g r a b l e  f u n c t i o n s  wi th  zero  mean over a. T h i s  

space is used i n  connection with t h e  pressure ;  such a c o n s t r a i n t  is needed 

s i n c e  i t  is clear  from (1 .1) - (1 .3)  t h a t  t h e  pressure  can be determined only  up 

t o  an a r b i t r a r y  cons tan t .  Other c o n s t r a i n t s ,  e . g . ,  f i x i n g  t h e  p r e s s u r e  a t  a 

given po in t ,  may be used i n s t e a d  without e f f e c t i n g  any apprec iab le  change i n  

t h e  r e s u l t s  d i scussed  below. Next we d e f i n e  t h e  Sobolev spaces  

k 2 .  S 2 H (R) = ( q E L t R )  1 D q E L t Q )  f o r  s=i, ..., k ) 

where Ds denotes any and a l l  d e r i v a t i v e s  o f  o r d e r  s. Thus HktQ) c o n s i s t s  o f  

square  i n t e g r a b l e  f u n c t i o n s  a l l  of whose d e r i v a t i v e s  of order  up t o  k a r e  a l so  

square in t eg rab le .  H ( R )  comes equiped wi th  t h e  norm k 

where t h e  summation extends over  a l l  p o s s i b l e  d e r i v a t i v e s  o f  o r d e r  k o r  less. 

C l e a r l y  H (R)=L ( a ) .  O f  p a r t i c u l a r  i n t e r e s t  is t h e  space H (2) c o n s i s t i n g  of 0 2 1 
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func t ions  wi th  one square‘ i n t e g r a b l e  de r iva t ive  and t h e  subspace 

I i i H ~ ( R )  = ( q E H (R) I q = o on r ) 

I whose elements  have one square i n t e g r a b l e  d e r i v a t i v e  over  R and which vanish  on 

t h e  boundary r. These spaces  have t h e  a s soc ia t ed  norm 

(1 .4 )  i 
I 

We note  t h a t  f o r  func t ions  belonging t o  4 ( R ,  t h e  semi-norm 
I 

( 1 . 5 )  

1 

I 
is  a c t u a l l y  a norm equiva len t  t o  ( 1 . 4 )  and t h u s ,  f o r  such f u n c t i o n s ,  ( 1 . 5 )  may 

be used i n s t e a d  o f  ( 1 . 4 ) .  

I For vec to r  valued func t ions  we use the spaces  

k k Hk(R) = CH ( R ) l d  = [ v I v .  E H ( R )  f o r  i=l, ..., d ] 
1 

and * 
I 

t 1 1 
I 1 0  
I = CHO(R)7d = [ v I v .  E H ( R )  f o r  i=i,. . . , d  ) . 

~ 

1 

For example, Hk(R) c o n s i s t s  of vec tor  valued func t ions  each of whose components 

belongs t o  H k ( R ) .  $ ( R )  is equiped with t h e  norm 

I 

d 1 /2 

i=l 

a l t e r n a t e l y ,  ri’ta) has t h e  norm 0 
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d 2 '1 /2  
l V l i  = ( lVili ) . 

i=i 

2 0 2 
Also, 

given  by I 

t h e  Inne r  product  f o r  f u n c t i o n s  belonging t o  L. (R)=H (R)=CL (f?)Id is 

(u ,v)  = J u-V I 
Q I 

1 

where t h e r e  I s  no ambigui ty  possible r e s u l t i n g  from u s i n g  t h e  same n o t a t i o n  for , 

both the  i n n e r  product  o f  scalar and v e c t o r  va lued  f u n c t i o n s .  , 
I 

I 
I We now de f ine  t h e  b i l i n e a r  f o r m s  

1 

n 0 
(1.6) a ( u , v )  = V 1 gradu:gradv for all u, v€H '(fl 

and 

and t h e  t r i l i n e a r ,  form 

(1.8) c ( v , u , v )  = I v - g r a d u - v  for  a l l  u , v , ~ ~ f $ ( R ) .  
n 

I n  (1.6) and (1.8) ve have t h a t  ( g r a d u )  =au. . lax .  and 
ij J 1 

d . a u .  av d a u .  

l,J=I J J  1, j = 1  j 
gradu:gradv = .  - 1 i  - and v - g r a d u - v  = v . 1  v 

a x .  ax Jax i 
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Using t h e  b i l i n e a r  form b ( - , - ) ,  we can d e f i n e  t h e  subspace 

2 2 = [ v E d(R) I b (v ,q)  = 0 f o r  a l l  q E Lo(Q)  ) 0 

which c o n s i s t s  of (weakly) d i v e f i g e n c e  ! m e  l u n c t i u n d ,  i . e . ,  func t ions  whose 

divergence is orthogonal  t o  a l l  L O ( R )  func t ions .  C e r t a i n l y  any divergence f r e e  

func t ion ,  i n  t h e  s t rong  sense, belongs t o  2. 

2 

1.2 - 1 S a t e J k i n  type w e d  j a m t a t i o n  

The most commonly used weak formulat ion of  (1.1)-(1.3) is t h e  fo l lowing .  

2 2 Given feL ( R ) ,  we seek  UEH~O(R) and p L O ( R )  such t h a t  

( 1 . 9 )  a(u,v)  + c(u,u,v) + b(v,p)  = ( f , v )  f o r  a l l  VIE$(P) 

2 (1 .10)  b(u,q)  = 0 f o r  a l l  q E L O ( R ) .  

By v i r t u e  of  (1 .10 )  we see t h a t  t he  so lu t ion  u belongs t o  2. 

2 We note  t h a t  L ( R )  is not t he  l a r g e s t  func t ion  space f o r  t h e  d a t a  f such 

t h a t  t h e  problem (1 .9) - (1 .10)  makes sense;  indeed,  a l l  t h a t  is requ i r ed  of t h e  

d a t a  is t h a t  t h e  r i g h t  hand s i d e  of ( 1 . 9 )  be bounded and t h i s  is p o s s i b l e  f o r  

some func t ions  which are not square in t eg rab le .  However, f o r  our  purposes ,  

ftzL (R) is s u f f i c i e n t l y  genera l .  2 

I t  can be e a s i l y  v e r i f i e d  t h a t  whenever a p a i r  u,p sa t i s f ies  (1 .9 ) - (1 .10 )  

and is s u f f i c i e n t l y  smooth t o  a l low f o r  t h e  appropr i a t e  i n t e g r a t i o n s  by p a r t s ,  

t hen  u,p is a l s o  a s o l u t i o n  of (1.1)-(1.3). Of  course ,  (1 .9 ) - (1 .10 )  admit 

s o l u t i o n s  which a r e  not s u f f i c i e n t l y  smooth t o  be s o l u t i o n s  of (1.1)-(1.3); 

hence t h e  terminology weak j u m u t a t  iun and gene lcat i p d  autut iun a r e  app l i ed  t o  
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(1.9)-(1.10) and t h e i r  s o l u t i o n ,  r e s p e c t i v e l y .  On t h e  o t h e r  hand, it is a l s o  

clear t h a t  any Solu t ion  of (1.1)-(1.3),  i . e . ,  a b t J r O A Q  M t u t i a n ,  sa t i s f i e s  

(1.9)-(1.10).  

For the  weak formulat ion (1.9)-(1.10) ,  t h e  boundary c o n d i t i o n  (1.3) is an 

e i m z n t i a t  one, i . e . ,  i t  must be imposed on t h e  candida te  s o l u t i o n  f u n c t i o n s .  

Below, i n  s e c t i o n  IV.3, we w i l l  d i s c u s s  t h e  n a t w l a t  boundary condi t ior is  

a s s o c i a t e d  wi th  t h e  weak formulat ion (1.9)-(1.10). 

We w i l l  not  e n t e r  i n t o  de ta i l s  concerning t h e  e x i s t e n c e  , uniqueness,  

continuous dependence on data and r e g u l a r i t y  o f  s o l u t i o n s  of ( 1 . 9 ) - ( 1 . 1 0 ) .  Such 

r e s u l t s  may be found i n ,  e .g . ,  t h e  d e f i n i t i v e  t r e a t i s e  o f  Teman CTel. 

Furthermore, many of  t h e s e  resul ts  a r e  similar t o  those  d iscussed  below f o r  t h e  

approximate problem. 

I1 - The Fin i te  Element Problem and the  Div-stabi l i ty  Condition 

11.1 - The d i x r e t e  e i n i t e  e t e m e n t  pJro6tem 

Once t h e  Galerkin formulat ion (1 .9) - (1 .10)  is e s t a b l i s h e d ,  t h e  approximate 

problem which determines t h e  f i n i t e  element s o l u t i o n  is def ined  i n  t h e  u s u a l  

manner. F i r s t  one chooses t h e  approximating f i n i t e  element s p a c e s ,  o r  more 

p r e c i s e l y ,  a family of f i n i t e  element s p a c e s ,  vh and Sh f o r  t h e  v e l o c i t y  and 

p r e s s u r e ,  r e s p e c t i v e l y .  Here h is a parameter which is u s u a l l y  re la ted t o  t h e  

s i z e  o f  t h e  g r i d  a s s o c i a t e d  wi th  t h e  f i n i t e  element p a r t i t i o n i n g  of 2. Then one 

r e q u i r e s  t h a t  ( 1 . 9 ) -  (1 .10 )  hold f o r  f u n c t i o n s  belonging t o  t h e s e  f i n i t e  

dimensional spaces ,  i . e .  , one seeks  u E #  and ph,Sh such t h a t  h 

(2.1) h h  h h h  h h  h 
a ( U  ,v ) + C f u  ,u  , v  ) + b(v , p  = f f , v  f o r  a l l  v h ~ #  



-9- 

and 

(2 .2)  h h  f o r  a l l  q ES . h h  b(u ,q ) = 0 

If vh and Sh are subspaces of t h e  underlying i n f i n i t e  dimensional spaces  of 

h 2  (1.9)-  ( l . l O ) ,  i . e . ,  i f  Vhc4tl2) and S cLo(sl), t hen  t h e  f i n i t e  element s o l u t i o n  

def ined  by (2.1)-(2.2) is s a i d  t o  be c o n / a m i n q .  Otherwise,  i.e., i f  yhd$tl2) 

and/or S dLO(R), t hen  t h e  method is s a i d t o  be non-can/umning.  We w i l l  r e s t r i c t  

our a t t e n t i o n  t o  examples of t h e  former.  

h 2  

h Once one chooses s p e c i f i c  bases  f o r  vh and S , (2.1)- (2 .2)  a r e  equiva len t  

t o  a nunt inecut  byatem o/ a t g e h a i c  equatiunb. Indeed, i f  Cq.(x)l, j=Z, ..., 3 and 
I 

Ev (x)), k=l, ..., K, denote bases  se t s  for  Sh and vh, r e s p e c t i v e l y ,  we may then  k 
w r i t e  

3 K 
ph = a q (x) and uh = Bkvk(x) 

k=l j j  
j=l 

f o r  some cons t an t s  a 

(2.2) t hen  y i e l d s  

j=Z ,..., J ,  and B k ,  k=l, ..., K. S u b s t i t u t i n g  i n t o  ( 2 . 1 ) -  
j’ 

K K 

k = l  k, m=l 
a(vk,vt) B k + C(v,,vk,vc~ e k m  e 

and 



-10- 

( 2 . 4 )  
K 

k= i 
b ( v k l q i )  Bk = 0 f o r  i=i, ..., J .  

which c o n s t i t u t e  a nonl inear  a l g e b r a i c ,  i n  f a c t ,  q u a d r a t i c ,  system of J + K  

equat ions for t h e  J+K unknowns a j=i,. . . , J ,  and B k ,  k=l,. . . , K .  Note t h a t  t h e  

t h e  d i s c r e t e  c o n t i n u i t y  equat ion  ( 2 . 2 )  y i e l d s  t h e  JxK r e c t a n g u l a r  B i n e m  system 
j’  

( 2 . 4 ) .  

11.2 - The diu-btalitity conditian 

I n  the p o s i t i v e  d e f i n i t e  case, e . g . ,  f o r  t h e  equat ions  of l i n e a r  

e l a s t i c i t y ,  t h e  mere i n c l u s i o n  of t h e  f i n i t e  element spaces  w i t h i n  t h e  

underlying f u n c t i o n  spaces  is e s s e n t i a l l y  s u f f i c i e n t  t o  a s s u r e  t h a t  t h e  

approximations are well  def ined  and a r e  a s  accura te  as p o s s i b l e  f o r  t h e  type  of 

f i n i t e  elements f u n c t i o n s  being used. Here t h e  i n c l u s i o n s  @c$(R) and S h 2  cLO(R) 

are not by themselves s u f f i c i e n t  t o  produce s t a b l e ,  meaningful approximations.  

We f i n d  ourse lves  i n  t h e  realm of what a r e  known as mixed , ! i n i t e  e t e m e n t  

me thodb. 

There a r e  number of c o n d i t i o n s  which t h e  elements belonging t o  t h e  f i n i t e  

element spaces should s a t i s f y .  Host of them, e . g . ,  t h e  boundedhess of t h e  

v a r i o u s  b i l i n e a r  and t r i l i n e a r  forms, are e a s i l y  s a t i s f i ed  by conforming f i n i t e  

element spaces.  The one c o n d i t i o n  which p r e s e n t s  a problem has t h e  fol lowing 

mathematical r e a l i z a t i o n :  

given any q h h  ES , 

( 2 . 5 )  
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where t h e  cons tan t  Y > O  may be chosen independent of  h and o f  t h e  

h h  p a r t i c u l a r  choice of q ES . 

T h i s  c o n d i t i o n  may be e q u i v a l e n t l y  expressed i n  t h e  form: 

h h  h given  any q ES t h e r e  e x i s t s  a non-zero v ~ v h  such t h a t  

h h  h h  
i (2.6) b(v , q  2 yllq ilollv It 

where t h e  cons tan t  Y > O  may be chosen independent of h and o f  t h e  

p a r t i c u l a r  choice of q ES . h h  

h Of cour se ,  f o r  each qh a d i f f e r e n t  v may be used i n  order  t o  s a t i s f y  ( 2 . 6 ) .  

The c o n d i t i o n  (2.5), o r  equiva len t ly  (2.6), is v a r i o u s l y  known a s  t h e  

Y a d y ~ h e n d A a y a - I & l ~ d A a - ~ ~ ~ ~ i  o r  t h e  CTEl or t h e  i n / - a u p  c o n d i t i o n ,  t h e  l a t t e r  

d e s i g n a t i o n  fol lowing from t h e  t h i r d  equivalent  form: 

(2.7) 

t h e r e  e x i s t s  a y>O,  independent of  h ,  such t h a t  

We w i l l  refer t o  any of t h e  equiva len t  s ta tements  (2.5)-(2.7) a s  t h e  c o n d i t i o n  

f o r  diw-dtalritity. Note t h a t  t h e s e  have nothing t o  do wi th  t h e  non- l inear i ty  o f  

t h e  Navier-Stokes equat ions  and, i n  f ac t ,  t h e  p o s s i b l e  problems i ts  

s a t i s f a c t i o n  poses is shared  by t h e  l i n e a r  equat ions  of  Stokes flow. 

Associated wi th  t h e  f i n i t e  element spaces  vh and Sh and t h e  b i l i n e a r  form 
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b ( *  , ) w e  have t h e  subspace 

h h  h h  8 = ( V E  I? I b (v  ,q ) = 0 f o r  a l l  q E S ) . 
I 

I 
, 

h h 
of d i x r e t e t y  d i y e r g e n c e  erne L u n c t i o n b .  I n  g e n e r a l  Z dZ,  even when V c $ ( R )  

and S cLo(Q), i . e . ,  d i s c r e t e l y  s o l e n o i d a l  f u n c t i o n s  a r e  not n e c e s s a r l y  

I 

h 2  

so lenoida l .  T h i s  is, o f  cour se ,  e n t i r e l y  analogous t o  t h e  f i n i t e  d i f f e r e n c e  1 

c a s e ,  e .g . ,  a f u n c t i o n  s a t i f y i n g  a d i f f e r e n c e  approximation t o  t h e  
I 

incompress ib i l i ty  c o n s t r a i n t  is not  i n  genera l  s o l e n o i d a l .  A measure of t h e  

"angle" between t h e  spaces  Zh and Z is given  by 

I 

1 
(2.8) 

h 
1 '  8 = sup i n f  ! ! z  - z i l  

2 €2 h z€z 
I 

h I n  gene ra l ,  OG3s1, which is e a s i l y  seen  by observing t h a t  f o r  Z €2, 9=0 ,  and 

t h a t  by choosing z=O, @=I. 

h Note t h a t  because of (2.21, t h e  approximate v e l o c i t y  ~ ~ € 2 ,  i . e . ,  u is 

d i s c r e t e l y  s o l e n o i d a l .  However, s i n c e  i n  g e n e r a l  ZhdZ, d i v u  #O. Loosly 

speaking,  t h e  d i v - s t a b i l i t y  c o n d i t i o n  (2.5) ensures ,  as h+O a t  l e a s t ,  t h a t  

d i s c r e t e l y  s o l e n o i d a l  f u n c t i o n s  t e n d  t o  s o l e n o i d a l  f u n c t i o n s .  

h 

11.3 - %rufl e b t i m a t e b  and u t h r  r e x d t b  c o n c e r n i n g  the a p p r o x i m a t e  b o t u t i a n  

We now present  some of t h e  a v a i l a b l e  mathematical  r e s u l t s  concerning t h e  

s o l u t i o n  uh,ph of t h e  f i n i t e  element problem (2.1)-(2.2). Here we  ab- t h a t  

t h e  chosen f i n i t e  element spaces  vh and Sh s a t i s f y  t h e  d i v - s t a b i l i t y  c o n d i t i o n  
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(2.5). Subsequently,  w e  w i l l  look i n t o  t h e  i s s u e  of  v e r i f y i n g  t h a t  c o n d i t i o n .  

The summary presented  is based on t h e  d e t a i l e d  a n a l y s i s  found i n  CCR, J R ,  G R 1 ,  

GR2, and GPI. 

2 h h  F i r s t  o f f ,  f o r  any f e L O f f 2 ) ,  (2 .1)-(2.2)  h a s  a s o l u t i o n  u , p  , provided t h a t  

t h e  d i v - s t a b i l i t y  c o n d i t i o n  (2.5) holds. However , one can prove t h a t  t h e  

s o l u t i o n  is unique o n l y  f o r  " s u f f i c i e n t l y  small" d a t a  f o r  " s u f f i c i e n t l y  la rge"  

v i s c o s i t y  u .  More precisely, le t  

f h h h  afw ,u ,v ) 

For s t a n d a r d  choices  of  f i n i t e  element spaces K can be shown t o  be independent 

d of h and, i n  f a c t ,  depends o n l y  on SkR and d .  Then, one can show t h a t  ( 2 . 1 ) -  

( 2 . 2 )  has  a unique s o l u t i o n  whenever 

This  c o n d i t i o n  is very  similar t o  the one which is needed t o  show t h e  

uniqueness of t h e  s o l u t i o n  of (1 .9)-(1.10)  and i n  fact  t h e  l a t t e r  i m p l i e s  t h e  

former,  i . e . ,  whenever (1 .9) - (1 .10)  can be shown t o  have a unique s o l u t i o n ,  

t h e n ,  provided t h e  div- s t a b i l i t y  condi t ion is sa t i s f i ed ,  (2 .1) - (2 .2)  a l s o  have 

a unique s o l u t i o n .  

When one can show t h a t  (1 .9) - (1 .10)  has  a unique s o l u t i o n ,  it can a l s o  be 

shown t h a t  t h e  f i n i t e  element s o l u t i o n  of  ( 2 . 1 ) - ( 2 . 2 )  converges t o  t h a t  
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s o l u t i o n .  I n  a d d i t i o n ,  something can be said about t h e  convergence of t h e  

f i n i t e  element s o l u t i o n  even when (1.9 ) -  (1 .10 )  does not  posses  2 unique I 
s o l u t i o n .  For d e t a i l s ,  see CGRl and GRZI. I 

I 

E r r o r  e s t i m a t e s  can a l s o  be derived. Provided t h a t  t h e  d i v - s t a b i l i t y  

c o n d i t i o n  is sa t i s f i ed ,  we have t h a t  

( 2 . 9 )  

and 

(2.10)  

h h h IIu - u Ill < Cl i n f  IIu - v Ill + C 8 i n f  Ilp - q IIo 
VhE vh qh,Sh 

where 8 is def ined  i n  ( 2 . 8 )  and C i=l,..,4, a r e  c o n s t a n t s  independent o f  h .  

These es t imates  are optimal f o r  t h e  "graph norm" 11u/I +ilpll of f u n c t i o n s  

belonging t o  d,L? ,xLO(R,  i n  t h e  sense  t h a t  t h e  ra te  of  convergence o f  t h e  

f i n i t e  element s o l u t i o n ,  measured i n  t h i s  norm, is t h e  same as t h a t  o f  t h e  bes t  

h approximation t o  u and p out  of vh and S , r e s p e c t i v e l y .  

i' 

1 0 
2 

0 

If t h e  s o l u t i o n  of (1.9)-(1.10), o r  more p r e c i s e l y ,  of  the' l i n e a r i z e d  

a d j o i n t  problem corresponding t o  ( 1 . 9 ) - ( 1 . 1 0 ) ,  is s u f f i c i e n t l y  r e g u l a r ,  then  

one can obtain an improved v e l o c i t y  e r r o r  estimate i n  t h e  L (RJ-norm, namely 2 

h h 
3 

I I u  - u II < CShllu - u l l  0 (2 .11)  

1 
I 

I 

I 
I 

I 
I 

1 

I 

I 

I 
I 
I 

I 

where again Cs is independent of h.  

We see t h a t  once t h e  d i v - s t a b i l i t y  c o n d i t i o n  is s a t i s f i e d ,  t h e  e r r o r  i n  t h e  

f i n i t e  element approximation depends o n l y  on t h e  a b i l i t y  t o  approximate i n  t h e  
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chosen f i n i t e  element subspaces.  In  genera l ,  (2.9)-(2.10) i n d i c a t e  t h a t  t h e  

v e l o c i t y  and p res su re  e r r o r s  a r e  coupled. Furthermore,  one f i n d s  t h a t  it is 

e f f i c i e n t  t o  e q u i l i b r a t e  t h e  r a t e s  of convergence of t h e  two terms on t h e  r i g h t  

hand side o f  (2.9)-(2.10). For t h i s  reason, one would l i k e  t o  use ,  f o r  example, 

polynomials of one degree h igher  f o r  the v e l o c i t y  components t han  those  used 

f o r  t h e  pressure .  As a f i n a l  comment, we note  t h a t  t h e  cons t an t s  appearing i n  

(2.9)-(2.10) are i n  gene ra l  p ropor t iona l  t o  Z/y  where y is t h e  s t a b i l i t y  

cons tan t  appearing i n  ( 2 .5  1 .  

11.4 - Yeribping the diu-&talitity conditian 
'1 L 

For p a r t i c u l a r  choices  of v' and S", it is u s u a l l y  not an easy  mat te r  t o  

v e r i f y  t h a t  t h e  d i v - s t a b i l i t y  condi t ion  holds .  To accomplish t h i s  t a s k  f o r  

f a m i l i e s  of  such spaces  is  even more d i f f i c u l t .  Here, we ske tch  t h r e e  

techniques f o r  v e r i f y i n g  t h e  d i v - s t a b i l i t y  cond i t ion .  

a )  F o r t i n ' s  method - One seemingly a t t r a c t i v e  method of showing t h a t  t h e  

div- s t a b i l i t y  cond i t ion  holds  is  due t o  For t in .  He has shown CFI t h a t  t h e  div- 

s t a b i l i t y  cond i t ion  ( 2 . 5 )  is equiva len t  t o  t h e  ex i s t ence  of a l i n e a r  ope ra to r  

T I  from $ ( R ) + l l h  such t h a t  given any v~Hlg(l2) h 

h h  h h h  b(n  v ,q  = b ( v , q  ) f o r  a l l  q ES 

and 

iin h V I I ~  s c:iviil 

where t h e  cons tan t  C>O may be chosen independent of h and of t h e  p a r t i c u l a r  
J 

choice of v ~ l $ ( R ) .  Thus t h e  t a s k  of ver i fy ing  t h e  d i v - s t a b i l i t y  cond i t ion  ( 2 . 5 )  

is reduced t o  t h e  t a s k  of showing the  e x i s t e n c e  of t h e  ope ra to r  Ilh; 

un fo r tuna te ly ,  a l though t h e  l a t t e r  t a s k  has been accomplished i n  a few s p e c i f i c  



-16- 

s e t t i n g s ,  i n  genera l ,  i t  is a l s o  a d i f f i c u l t  t h i n g  t o  do. 

b)  VerfDrth's  method - Verfiir th CVll has  developed a method f o r  v e r i f y i n g  

t h e  d i v - s t a b i l i t y  c o n d i t i o n  (2 .5 )  which a p p l i e s  t o  t h e  case of  c o n t  inuuua 

discrete  pressure  spaces .  

h i  2 S p e c i f i c a l l y ,  i f  S cH ( R ) f U O t Q ) ,  he s t a r t s  ou t  by combining t h e  i n v e r s e  

i n e q u a l i t y ,  see,  e .  g . , C C i l  , I 

(2.12) f o r  a l l  vhEVh , h -1, h I V  I 5 C1h I I V  !Io 1 

and t h e  r e s u l t  

(2.13) 
h h  

O#V 'tp E V  h ;:Vhl10 
h h  f o r  a l l  q E S  b(v  , q  h 

.2 Czlq l 2  

t o  y i e l d  

(2.14) 

The i n e q u a l i t y  (2.13) can be s h o p  t o  hold  f o r  many element p a i r s  involving 

continuous d i s c r e t e  pressure  f i e l d s ;  s e e ,  e . g . ,  CBPI. Note t h a t  (2.13) has a 

similar appearance t o  t h e  d i v - s t a b i l i t y  c o n d i t i o n  (2.5), but  t h a t  it involves  

t h e  "wrong" norms. 

Next, one combines t h e  r e s u l t ,  which can be found i n ,  e . g . ,  CGRl,GR2, L1: 

given any q ES cLo(s2), t h e r e  e x i s t s  a ut~%(Q) such t h a t  divw=qh and 

Iwl SC " h i l o ,  with t h e  approximation t h e o r e t i c  assumption concerning t h e  space 

vh: f o r  any w ~ 2 . Q )  t h e r e  e x i s t s  a w h ~ f l  such t h a t  

h h 2  

2 3 ' 4  
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(2 .15)  

t o  y i e l d  I 

(2 .16)  I 
~ 

f o r  k=0,1 , 

h h  
b(v  , q  ) L Cs - C6hlqhlz f o r  a l l  q h d  with !lqhilO=Z. "P h 

O#V E +  'v '1 

VerfCirth then  shows t h a t  t h e  d i v - s t a b i l i t y  cond i t ion  ( 2 . 5 )  fo l lows  from (2 .14 )  

and (2 .16)  provided t h e  cons t an t s  C1, ... ,C 

l 

a r e  independent of h. 6 
Thus t h e  main t a s k  of applying h i s  method, once t h e  inve r se  i n e q u a l i t y  

(2 .12)  and t h e  approximation t h e o r e t i c  r e s u l t  (2 .15 )  have been shown t o  hold 

f o r  t h e  d i s c r e t e  v e l o c i t y  space P, is t o  show t h a t  (2 .13 )  is v a l i d .  

j 
I 

c )  The Boland-Nicolaides method - A more u s e f u l  method, i n  t h e  sense  of 
I 

I having wide a p p l i c a b i l i t y  and r e l a t i v e  ease  of u se ,  has  been developed by 

I 
I Boland and Nicola ides  CBN11. One d i f f i c u l t y  with v e r i f y i n g  t h e  d i v - s t a b i l i t y  

cond i t ion  (2 .5 )  is its qCulaC nature ;  Boland and Nicola ides  have shown how t o  I 

t u c a t i g e  t h e  d i f f i c u l t  p a r t  of t h e  v e r i f i c a t i o n  process .  
, 
I 

I 
S p e c i f i c a l l y ,  cons ider  a subdiv is ion  of l2 i n t o  d i s j o i n t  m a c m - e t e m e n t b  R r '  

I r=Z, ..., R ,  each of which c o n s i s t s  o f  one o r  a few elements  i n  t h e  t h e  f i n i t e  

element t r i a n g u l a t i o n  a s soc ia t ed  with vh and Sh. The number o f  e lements  w i th in  

a macro- element is independent of h, i .e .  , as we r e f i n e  t h e  mesh t h e  macro- 

elements a r e  a l s o  r e f i n e d  s o  t h a t  they always c o n t a i n  t h e  same number o f  

e lements .  Let r 

i I 
, 

I denote t h e  boundary of the macro-element Qr. r 
Now, f i r s t  suppose t h a t  t h e  d i v - s t a b i l i t y  cond i t ion  holds  f o r  t h e  p a i r  vh 

and S CacaCCy over a macro-element, i . e . ,  t h e r e  e x i s t s  a cons tan t  ? > O ,  

independent of h and of t h e  p a r t i c u l a r  choice of macro-element, such t h a t  

I 

h 
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(2.17) 

where 

h h 
l? = (E@, I v=O on rr ] and Sr = ( qtzS i n  1 .  

' r  r r 

I 
h h I 

I Si-nce V and S have f i x e d  small dimension, independent of h ,  ( 2 .17 )  may o f t e n  r r 
be. v e r i f i e d  by a d i r e c t  computation. 

Second, suppose t h a t  t h e  d i v - s t a b i l i t y  cond i t ion  holds  & x 6 a t t g  f o r  t he  I 

-h spaces  and S where , 

~ 

t o  t h e  macro-elements Rr, r= l ,  .. . , R  1 ' 
2 (2 .18 )  \ gh = [ LO(R) piecewise cons t an t  func t ions  with r e spec t  

i . e . ,  suppose t h a t  t h e r e  e x i s t s  a cons tan t  Y > O ,  independent of h ,  such t h a t  I 

Sumarizing t h e  Boland-Nicolaides method, suppose we  know t h a t  t h e  p a i r  

Vh,Sh is RacaRRy diu-dtalle with cons tan t  ? independent of h, i . e . ,  i n  t h e  

sense of (2 .17 ) .  suppose t h a t  t h e  camparcidon spaces  iih,gh, which 

s a t i s f y  (2.18), are gRokally diu-atalle with cons t an t  $ independent o f  h, i . e . ,  

i n  t h e  sense of ( 2 . 1 9 ) .  are gRokRty div-dtalle wi th  a 

cons tan t  Y independent of h. Thus, through t h e  use of t h e  comparison spaces  t h e  

d i v - s t a b i l i t y  of t h e  p a i r  Vh,Sh need only  be checked l o c a l l y ,  i . e . ,  over  a 

mac ro-e lement . 

Fur the r ,  

h Then t h e  spaces  @,S 



-19- 

This  method has  been s u c c e s f u l l y  used, e . g . ,  i n  CBC,BNI,BN3,GRZI, t o  show 

t h e  d i v - s t a b i l i t y  of  a variety o f  w e l l  known elements  and some novel ones as 

w e l l ,  bo th  i n  two and t h r e e  dimensions. 

11.5 - ZxcvnpLeb o,! u n b t d t e  apace6 inc t l ld inq  the h i t i n e w c o n a t a n t  pair 

There are different ways i n  which a r b i t r a r i l y  chosen f i n i t e  element spaces  

may f a i l  t o  sa t i s fy  t h e  d i v - s t a b i l i t y  condi t ion.  Here w e  d i s c u s s  some of t h e s e  

and t h e n  g i v e  s p e c i f i c  examples, focusing on t h e  much s t u d i e d  and much 

misunderstood bi l inear  veloci ty-constant  p r e s s u r e  p a i r .  

The most c a t a s t r o p h i c  type  of f a i l u r e  is f o r  ( 2 . 2 )  o r  e q u i v a l e n t l y  (2 .4 ) ,  

t o  imply t h a t  u =0, i . e . ,  t h e  only  d i s c r e t e l y  s o l e n o i d a l  f i e l d  belonging t o  vh 
is t h e  z e r o  vec tor .  The approximate s o l u t i o n  is u s e l e s s  s i n c e ,  o f  cour se ,  u =O 

cannot be a good approximate s o l u t i o n  of t h e  Navier-Stokes equat ions .  This  type  

h 

h 

of  s i t u a t i o n  can u s u a l l y  be d e t e c t e d  by a counting argument, i . e . ,  t h e  discrete  

divergence matr ix  b(v  q ) ,  j=l,...lJ and k=1, ..., K ,  appearing i n  (2 .4 )  has  

more independent rows t h a n  columns. 

k’ j 

Less c a t a s t r o p h i c  is t h e  s i t u a t i o n  wherein f o r  one o r  a few, but not a l l ,  

qhESh we have t h a t  b(v , q  )=O f o r  a l l  v h ~ v h  s o  t h a t  y=O i n  ( 2 . 5 ) .  T h i s  kind of 

f a i l u r e  of  t h e  d i v - s t a b i l i t y  condi t ion  is u s u a l l y  easy t o  dete& s i n c e  it 

r e s u l t s ,  i n  p r a c t i c e ,  i n  t h e  d i s c r e t e  divergence matr ix  being rank d e f i c i e n t .  

Furthermore,  i f  t h e s e  type of pressure  modes qh a r e  t h e  s o l e  reason  f o r  t h e  

i n v a l i d i t y  of (2 .5 ) ,  one may o f t e n  still o b t a i n ,  through a f i l t e r i n g  process ,  

u s e f u l  approximations.  

h h  

A more s u b t l e  f a i l u r e  of t h e  d i v - s t a b i l i t y  c o n d i t i o n  is t h e  case where f o r  

h h  a t  l e a s t  some q ES 
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(2.20) 

f o r  some cons tan ts  C and C2 independent of h.  I n  t h i s  case  y=O(h) where y is ~ 

1 I 
t h e  constant  appearing i n  (2.51. I n  p r a c t i c e  t h i s  may r e s u l t  i n  a loss of 

accuracy, e s p e c i a l l y  f o r  t h e  pressure  approximations.  Such i n s t a b i l i t i e s  a r e  

harder  t o  d e t e c t  because,  of course ,  computations are u s u a l l y  c a r r i e d  out  us ing  

a f i n i t e  value of h .  I n  p a r t i c u l a r  no problems such as those  caused by rank 

d e f i c i e n t  approximations t o  t h e  c o n t i n u i t y  equat ion  a r e  encountered. This  type  

I 

I 

I 

i 
i of s i t u a t i o n  po in t s  out t h e  dangers of c a l c u l a t i n g  on only one g r i d  and of not 

a t  l e a s t  performing s e r i o u s  mesh ref inement  s t u d i e s .  I t  a l s o  p o i n t s  out  t h e  

usefu lness  of  r igorous  r e s u l t s  concerning t h e  s t a b i l i t y ,  o r  lack  t h e r e o f ,  o f  

f i n i t e  element spaces .  

a )  - An uns tab le  l inear -cons tan t  pair - An example o f  t h e  f i r s t  and most 

ca t a s t roph ic  i n s t a b i l i t y  is t h e  fol lowing seemingly n a t u r a l  choice f o r  t h e  

v e l o c i t y  and p res su re  f i n i t e  element spaces .  Let R be a square  which is 

t r i angu la t ed  as  i n  t h e  f i g u r e  below. For t h e  v e l o c i t y  approximations we choose 

I 

piecewise l i n e a r  func t ions  w i t h  r e spec t  t o  t h e  

given t r i a n g u l a t i o n  which are continuous over R 

and which vanish on r.  For t h e  d i s c r e t e  p re s su res  

we choose piecewise cons tan t  func t ions  with 

respec t  t o  t h e  same t r i a n g u l a t i o n  and having ze ro  

mean over R .  C l e a r l y  #c$(R) and . S h 2  c L O ( R ) .  For 

t h i s  choice the  only  d i s c r e t e  v e l o c i t y  f i e l d  

uhg# s a t i s f y i n g  t h e  d i s c r e t e  i ncompress ib i l i t y  

cons t r a in t  ( 2 . 2 )  is u =0, i . e . ,  t h e  only  

d i s c r e t e l y  so l eno ida l  v e l o c i t y  f i e l d  is t h e  zero  

- 

h 



-21- 

vector !  One e a s i l y  sees t h a t  i f  t h e r e  are  N c e l l s  t o  s i d e ,  t h a t  t h e  number o f  

equat ions  is J=dim(S )=2??-1 which is g r e a t e r  t han  t h e  number of 

2 columns K = d i m  vh ) =2 (?+I) . 

h i n  (2 .4 )  

In  t h e  above example we s e e  t h a t  the d i s c r e t e  incompress ib i l ty  cond i t ion  

(2 .2)  imposes too  many c o n s t r a i n t s  r e l a t i v e  t o  t h e  a v a i l a b l e  v e l o c i t y  degrees 

of freedom. In  f ac t ,  d imG )>dim(#) .  I n  order  t o  remedy t h e  s i t u a t i o n  one 

must, a t  l eas t ,  i nc rease  t h e  dimension of vh r e l a t i v e  t o  t h a t  of S . 

h 

h 

b)  The b i l i nea r -cons t an t  element pa i r  - We next cons ider  t h e  b i l i n e a r  

ve loc i ty-  cons tan t  p re s su re  p a i r  which is o f t e n  r e f e r e d  t o  a s  t h e  Q -P element 

p a i r .  Again consider  t h e  case  of R being a square  and cons ider  t h e  

" t r i angu la t ion"  of t h e  f i g u r e  below. We now choose vh t o  c o n s i s t  of piecewise 

b i l i n e a r  func t ions  with r e spec t  t o  t h i s  t r i a n g u l a t i o n  which are cont inuous over 

a and which vanish on r. For S we choose piecewise cons tan t  func t ions  over 

i o  

h 

t h e  same t r i a n g u l a t i o n  and which have zero  mean over R. Once aga in  the  

inc lus ions  vhc$(Q)  and S CL (R) hold.  The simple' counting argument used f o r  h 2  
0 0 

t h e  f i r s t  example does not yield any d e f i n i t i v e  

2(N-1) , t h e  same a s  be fo re ,  while now dim(S )=N -1. 2 h 2  

I t  is wel l  known, e .g . ,  s ee  CF, BH, SGLGE, 

J P ,  G N P I ,  t h a t  t h i s  b i l inear -cons tan t  element 

p a i r  e x h i b i t s  t h e  d i s a s t r o u s  "checkerboardr' mode, 

i . e . ,  f o r  t h e  p a r t i c u l a r  d i s c r e t e  pressure f i e l d  

qh,Sh which is +1 i n  t he  "red squares"  and -1 i n  

t h e  "black squares" we have t h a t  b ( v  ,q )=O f o r  

a l l  vheVh. This  is an example of t h e  second type 

of i n s t a b i l i t y  d iscussed  above. The s i n g l e  "bad" 

p re s su re  mode can be e a s i l y  f i l t e r e d  o u t ,  and 

t h e r e f o r e  some have suggested t h a t  once t h i s  mode 

h h  

information s i n c e  dim($ ) =  
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is taken  care  o f ,  t h e  b i l i nea r -cons t an t  element p a i r  can be s a f e l y  used. 

However, t h i s  is not t h e  whole s t o r y  f o r  t h e  b i l i nea r -cons t an t  element 

p a i r .  Boland and Nicola ides  CBNZI have shown t h a t  t h e r e  e x i s t  o the r  p r e s s u r e  

modes f o r  which (2.20) is s a t i s f i e d .  The l e f t  hand i n e q u a l i t y  o f  ( 2 . 4 )  was 

previous ly  known CJPI, a t  least i n  t h e  d i f f e r e n t  contex t  of pena l ty  methods. Of  

course ,  the l e f t  i n e q u a l i t y  does not imply t h e  r i g h t ,  and c e r t a i n l y  doesn ' t  

imply t h a t  f o r  t hose  modes t h e  s t a b i l i t y  cons t an t  y=O(h). However, Boland and 

Nicola ides  have shown t h a t  t h i s  is indeed t h e  case .  Moreover, t hey  have shown 

CBN31 t h a t  t h e r e  e x i s t  d a t a  f f o r  which t h e  p re s su re  approximations do not 

converge and t h a t  it is a l s o  poss ib l e  t o  set  up problems f o r  which t h e  v e l o c i t y  

approximations do not converge as w e l l .  A t  t h e  l eas t ,  s i n c e  t h e  cons t an t s  i n  

the  e r r o r  es t imates  (2.9)-(2.11) a r e  p ropor t iona l  t o  y , t h e r e  w i l l  l i k e l y  be 

a l o s s  of accuracy due t o  t h e s e  p re s su re  modes. Thei r  conclusions are worth 

not ing ,  e s p e c i a l l y  i n  view of t h e  f a c t  t h a t  t h e  b i l i n e a r -  cons tan t  element 

p a i r ,  wi th  t h e  checkerboard mode f i l t e r e d  o u t ,  has  been used on numerous 

ocass ions  i n  " p r a c t i c a l "  computations.  

-i 

I11 - F i n i t e  Element Spaces f o r  t h e  P r i m i t i v e  Variable Formulation 

In  t h i s  s e c t i o n  we d i scuss  p re s su re  and v e l o c i t y  f i n i t e  element spaces  

which have been r igo rous ly  s h o h  t o  s a t i s f y  t h e  d i v - s t a b i l i t y  cond i t ion .  There 

a r e  many such p a i r s  known, e s p e c i a l l y  f o r  two dimensional problems; t h e r e f o r e  

we w i l l  r e s t r i c t  our  a t t e n t i o n  t o  p a i r s  which have proven t o  be of t h e  most 

p r a c t i c a l  u t i l i t y .  

Throughout, P ( 9 ) )  denotes  t h e  space of polynomials of degree less than  

equal  t o  k with r e spec t  t o  t h e  set  S)cRd and CP ( % ) I d  denotes  t h e  space of d- 

k 

k 
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vector  valued f u n c t i o n s  each of whose components belong t o  Pk(%c). Analogous 

d e f i n i t i o n s  hold  f o r  Qk(3) and CQkt3) ld  i n  t h e  c a s e  of  f u n c t i o n s  which a r e  

polynomials of degree less t h a n  o r  equal t o  k i n  each of t h e  coord ina te  

d i r e c t i o n s ,  e . g . ,  Q1(3) denotes  piecewise b i l i n e a r  f u n c t i o n s  wi th  r e s p e c t  t o  

t h e  se t  3. Likewise we d e f i n e  t h e  spaces 2t3) and CCkC3)Id of  k-times 

cont inuously differentiable f u n c t i o n s  w i t h  r e s p e c t  t o  t h e  se t  9;. 

For t h e  most p a r t ,  t h e  r e s u l t s  below hold f o r  polygonal domains i n  R2 and 

polyhedral  domains i n  R . Through t h e  use o f ,  e ; g . ,  i soparamet r ic  e lements ,  3 

they  w i l l  a l s o  hold f o r  domains with curved bouhdaries  provided t h e  l a t t e r  

s a t i s f y  t h e  usua l  smoothness c r i t e r i a .  Furthermore,  we assume t h a t  a i l  

s u b d i v i s i o n s  of  R i n t o  f i n i t e  elements which a r e  employed below s a t i s f y  t h e  

s t a n d a r d .  c o n d i t i o n s .  For de t a i l s  concerning t h e s e  i s s u e s ,  one may c o n s u l t ,  

e . g . ,  C C i 3 .  

111.1 - Fiecewiae  t i n e m  and l i t i n e m  y e t o c i t y  e i e t d d  

We begin with some examples involving piecewise l i n e a r  o r  b i l i n e a r  v e l o c i t y  

f i e l d s  wi th  r e s p e c t  t o  a subdiv is ion  of R i n t o  t r i a n g l e s  o r  r e c t a n g l e s ,  
- 

r e s p e c t i v e l y .  I n  a l l  cases t h e  d i s c r e t e  v e l o c i t y  f i e l d s  are continuous over fl. 

I n  combination wi th  t h e s e  type  of v e l o c i t y  f i n i t e  element spaces  we  w i l l  

cons ider  both discont inuous piecewise cons tan t  and cont inuous,  over 2, 

' *  

- 

piecewise l i n e a r  pressure  f i e l d s .  Every element p a i r  l i s t e d  s a t i s f i e s  t h e  div- 

s t a b i l i t y  c o n d i t i o n  ( 2 . 5 ) .  Moreover, provided t h e  s o l u t i o n  u,p  of  (1.9)-(1.10) 

s a t i s f i e s  u z $ ( R ) l l H O ( R )  and ~ E H  ( R ) n L O ( R ) ,  t h e  fol lowing e r r o r  e s t i m a t e s  f o r  

t h e  d i s c r e t e  s o l u t i o n  uh,ph of (2 .1 ) - (2 .2 )  hold  uni formi ly  i n  h: 

1 1 2 

(3.1) 

h 
' U  - u ' I  = O ( h )  1 

2 h' '  = O ( h  ) 0 " u  - u I 
I 
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Thus, these elements y i e l d  first o rde r  accu ra t e  p re s su re  approximations and 

second order accura te  v e l o c i t y  approximations.  

a )  Piecewise cons tan t  p re s su res  I - For t h e  l inear -cons tan t  element p a i r  

mentioned i n  s e c t i o n  1I.S t h e  d i s c r e t e  c o n t i n u i t y  equat ion  overcons t ra ined  t h e  

approximate v e l o c i t y  f i e l d .  However, by employing d i f f e r e n t  g r i d s  f o r  t h e  

pressure  and v e l o c i t y  f i e l d s ,  t h e  l inear -cons tan t  element p a i r  may be made 

s t a b l e .  For example, cons ider  a given t r i a n g u l a t i o n  f of a polygonal domain 2 

i n t o  t r i a n g l e s .  Then d iv ide  each t r i a n g l e  i n  f i n t o  four  t r i a n g l e s  by j o i n i n g  

. An example is t h e  midsides,  t h u s  de f in ing  a r e f i n e d  t r i a n g u l a t i o n  

provided in  t h e  f i g u r e  below. 

h 

h 

’h/Z 

The fou r  a s soc ia t ed  v e l o c i t y  

h/Z t r i a n g l e s  i n  7 h A pressure t r i a n g l e  i n  f 

Now def ine  

( 3 . 2 )  

9 9 V=O on r 3 .  

so t h a t  the pressure  is sought among piecewise cons t an t s  with r e spec t  t o  t h e  
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I 

t r i a n g u l a t i o n  7 while  t h e  v e l o c i t y  is sought among continuous piecewise l i n e a r  

The p a i r  of f i n i t e  element f i e l d s  w i t h  r e s p e c t  t o  t h e  f i n e r  t r i a n g u l a t i o n  f 

spaces  defined by (3.2) are known t o  s a t i s f y  t h e  d i v - s t a b i l i t y  c o n d i t i o n  ( 2 . 5 )  

and t h u s  y ie ld  opt imal ly  a c c u r a t e  approximations s a t i s f y i n g  (3.1) 

h 

h/2' 

b )  Piecewise cons tan t  pressures  I1 - For t h e  u n s t a b l e  l inear -cons tan t  

element p a i r  of s e c t i o n  11.5 t h e r e  was one v e l o c i t y  element f o r  each pressure  

element;  f o r  t h e  stable l inear-constant  element p a i r  (3.2) t h e r e  a r e  f o u r  

v e l o c i t y  t r i a n g l e s  f o r  each pressure  t r i a n g l e .  S t a b l e  l inear -cons tan t  element 

p a i r s  may be defined wherein t h e  r a t i o  of  d i s c r e t e  p r e s s u r e s  t o  v e l o c i t i e s  is 

not s o  high.  For example, l e t  t h e  v e l o c i t y  space # be a s  i n  ( 3 . 2 ) ;  now d e f i n e  

t h e  p r e s s u r e  space S h  through t h e  following choice of b a s i s .  For each t r i a n g l e  

o f  f h  we d e f i n e  t h r e e  basis func t ions ,  namely piecewise c o n s t a n t s  which a r e  

u n i t y  i n  t h e  shaded areas i n  f i g u r e  below and zero  i n  t h e  unshaded a reas .  O f  

cou r se ,  o u t s i d e  t h e  p a r t i c u l a r  t r i a n g l e  of fh, t h e  basis f u n c t i o n s  v a n i s h  as 

well. T h i s  pressure  space c o n s i s t s  of  t h r e e  ou t  of t h e  

h/2 f o u r  p o s s i b l e  piecewise c o n s t a n t s  assoc ia ted  with t h e  fou r  t r i a n g l e s  i n  f 

contained w i t h i n  a s i n g l e  t r i a n g l e  i n  fh. Moreover , t h e r e  are e s s e n t i a l l y  t h r e e  

times as many pressure  degrees o f  freedom f o r  t h i s  choice of Sh as t h e r e  a r e  
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f o r  t h e  choice made i n  (3.2). However, t h i s  element p a i r  is a l s o  s t a b l e ,  i . e . ,  

s a t i s f i e s  t h e  d i v - s t a b i l i t y  condi t ion  ( 2 . 5 )  and t h e  e r r o r  e s t ima tes  ( 3 . 1 ) .  
I 
I c )  Piecewise l i n e a r  p re s su res  - One may a l s o  couple a piecewise l i n e a r  

v e l o c i t y  element wi th  a piecewise l i n e a r  p re s su re  element and s t i l l  s a t i s f y  t h e  

d i v - s t a b i l i t y  cond i t ion  ( 2 . 5 )  and t h e  e s t ima tes  ( 3 . 1 ) .  Such a p a i r  was 

introduced i n  [BPI, analyzed t h e r e  and i n  CV11, and is given by 

I 

Due t o  t h e  coupling between t h e  p re s su re  and v e l o c i t y  e r r o r s  one cannot t a k e  I 

advantage of t h e  b e t t e r  approximating a b i l i t y  of t h e  l i n e a r  pressure  space .  

Thus, i n so fa r  as  t h e  r a t e s  of convergence, t h i s  l i n e a r - l i n e a r  element p a i r  is 

no b e t t e r  t h a n  t he  s table  l inear -cons tan t  element p a i r s .  However, i n  p r a c t i c a l  

c a l c u l a t i o n s  w e  have found t h i s  t o  be t h e  b e s t  element combination involving 

linear v e l o c i t y  f i e l d s ,  b e t t e r  i n  t h e  sense  of . g i v i n g  more accuracy f o r  u s e f u l  

va lues  of  h.  Furthermore,  t h i s  l i n e a r - l i n e a r  element p a i r  u s u a l l y  r e s u l t s  i n  

fewer unknowns, f o r  t h e  same g r i d ,  than do t h e  l i nea r -cons t an t  p a i r s .  For 

example, suppose t h e  p re s su re  t r i a n g u l a t i o n  T h  is  given by the  f i r s t  f i g u r e  of 

h s e c t i o n  1 1 . 4  with N i n t e r v a l s  on each s i d e .  Thus t h e r e  a r e  2 2  t r i a n g l e s  i n  T 

and t h e  element p a i r  ( 3 . 2 )  has  2N -1 pres su re  unknowns; on t h e  hand, t h e  number 

of nodes i n  t h i s  t r i a n g u l a t i o n  is only  (N+1j2 and thus  t h e  piecewise l i n e a r  

pressure  space of (3.3) has only (N+l) -1 degrees  of freedom. Both element 

p a i r s  have 2(2N-1 j2  v e l o c i t y  unknowns s o  t h a t  t h e  l i n e a r - l i n e a r  element p a i r  

( 3 . 3 )  has roughly N2 l e s s  degrees  of freedom, f o r  t h e  same g r i d ,  a s  does t h e  

* 

2 

2 

l inear-constant  element p a i r  ( 3 . 2 ) .  

d )  Piecewise b i l i n e a r  v e l o c i t y  f i e l d s  - E n t i r e l y  analagous t o  t h e  

t r i a n g u l a r  elements descr ibed  above, we  have t h e  fol lowing elements involving 
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b i l i n e a r  v e l o c i t y  f i e l d s  wi th  r e s p e c t  t o  r e c t a n g u l a r  e lements .  More g e n e r a l  

q u a d r i l a t e r a l  elements may be found from t h e s e  through, e . g . ,  i soparamet r ic  

mappings. 

We s t a r t  wi th  a s u b d i v i d i v i s i o n  2 of R i n t o  r e c t a n g l e s ,  o r  more g e n e r a l l y  

q u a d r i l a t e r a l s .  Subsequently we divide each r e c t a n g l e  i n t o  fou r  s m a l l e r  

h 

r e c t a n g l e s  by j o i n i n g  t h e  midsides, t h u s  c r e a t i n g  another  s u b d i v i s i o n  2 of  Q 

i n t o  r e c t a n g l e s .  See t h e  f i g u r e  below. I n  a l l  t h r e e  ve loc i ty-pressure  element 

h/2 

p a i r s  

A pressure  r e c t a n g l e  i n  Zh The fou r  a s s o c i a t e d  v e l o c i t y  
r e c t a n g l e s  i n  2 h/2 

t 

about t o  be descr ibed  we  choose t h e  approximating v e l o c i t y  space t o  c o n s i s t  o f  

which a r e  h/2 piecwise b i l i n e a r  f u n c t i o n s  with respect t o  t h e  s u b d i v i s i o n  2 
- 

continuous over a and which vanish on f, i . e . ,  

For t h e  f i rs t  pressure  space we choose piecewise c o n s t a n t s  wi th  r e s p e c t  t o  

t h e  l a r g e r  q u a d r i l a t e r a l s  of t h e  subdivis ion Zh and which have zero  mean over 
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R ,  i . e . ,  

Sh = ( q I q€Qo(0)  , O E t h  ; Jq=o ) . 
R 

As i nd id i ca t ed  i n  t h e  f i g u r e  below, f o r  t h e  second 

t h r e e  

out of the fou r  poss ib l e  

pressure  space we choose 

piecewise c o n s t a n t s  a s soc ia t ed  with t h e  r e c t a n g l e s  

belonging t o  2 and which have zero mean over 0. F i n a l l y ,  t h e  t h i r d  p re s su re  

space c o n s i s t s  of piecewise b i l i n e a r  f u n c t i o n s  with r e spec t  t o  t h e  subd iv i s ion  

2 

h/2 

- 
which are continuous over 's1 and have zero  mean over 0, i . e . ,  h 

h 0 -  (3.5) s = ( q I q € Q i m  , U€Zh ; q€c (0) ; fq=0 ] 
a 

The three ve loc i ty-pressure  elements j u s t  descr ibed  s a t i s f y  t h e  div- 

s t a b i l i t y  condi t ion  (2.5) and t h e  e r r o r  e s t i m a t e s  (3.1). Similar t o  t h e  case  

f o r  t r i a n g l e s  and f o r  t h e  same reasons ,  t h e  p re fe red  element p a i r  involving 

b i l i n e a r  v e l o c i t i e s  is ( 3 . 4 )  coupled with (3.5), i . e . ,  t h e  b i l i n e a r  ve loc i ty -  

b i l i n e a r  pressure p a i r .  
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111.2 - The faytofl-Houd e t e m n t  p a l ~  

We next t u r n  t o  quadra t i c  and b iquadra t ic  approximate v e l o c i t y  f i e l d s .  

Suppose we have a t r i a n g u l a t i o n  f of R. Then, t h e  Taylor-Hood element p a i r  

ETHl is de f ined  by 

h 

(3.6) 

R 
h Note t h a t  we a r e  now basing vh and S on t h e  same g r i d  but on d i f f e r e n t  degree 

polynomials,  i n  c o n t r a s t  t o  ( 3 . 3 ) ,  which uses  t h e  same degree polynomials but 

d i f f e r e n t  g r i d s .  The element p a i r  ( 3 . 6 )  s a t i s f i e s  t h e  div- s t a b i l i t y  condi t ion  

(2.5). Furthermore,  i f  t h e  s o l u t i o n  (u,p) of (1.9)-(1.10) has  t h e  i n d i c a t e d  

smoothness, t hen  t h e  fol lowing e r r o r  es t imates  hold 

uniformily i n  h: 

These r e s u l t s  have been e s t a b l i s h e d  by many au tho r s ,  inc luding  CBP,Vl,BNll. We 

s e e  from (3.7) t h a t  i f '  u d ( Q ) t l 4 ( R )  and p H  (R)t lLO(R)  t hen ,  i n  L -norms, we 2 2 2 

have t h i r d  order  accura te  v e l o c i t y  approximations and second o rde r  accu ra t e  

p re s su re  approximations.  This  is an improvement over any of t h e  elements  

involving l inear v e l o c i t i e s .  

One should  note  t h a t  thetnumber of degrees of freedom, both of v e l o c i t y  and 

p res su re  t y p e ,  a s soc ia t ed  with t h e  use of ( 3 . 6 )  is i d e n t i c a l  t o  t h a t  a s s o c i a t e d  

with t h e  use of (3.3), t h e  most e f f i c i e n t  l i n e a r  v e l o c i t y  element.  In  f a c t ,  t h e  

s t r u c t u r e  of t h e  d i s c r e t e  system r e s u l t i n g  from a Taylor-Hood d i s c r e t i z a t i o n  is 
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i n  every  way i d e n t i c a l  t o  t h a t  r e s u l t i n g  from t h e  use of  ( 3 . 3 ) .  Therefore ,  t h e  

s o l u t i o n  times f o r  t h e  Taylor-Hood and t h e  l i n e a r - l i n e a r  d i s c r e t e  systems a r e  

roughly the same i f  one uses  t h e  same p r e s s u r e  t r i a n g u l a t i o n  i n  both cases. O f  t 

I cour se ,  t he  Taylor-Hood element pair w i l l  y i e l d  bet ter  accuracy t h a n  t h e  l i n e a r -  

l i n e a r  p a i r ,  provided t h e  exact  s o l u t i o n  is s u f f i c i e n t l y  smooth. ~ 

On t h e  o t h e r  hand, on t h e  same g r i d ,  t h e  assembly c o s t s  of Taylor-Hood w i l l  , 

i n  genera l  be higher  s i n c e  one needs t o  use h igher  o r d e r  quadra ture  r u l e s  t o  I 
I 

i i n t e g r a t e  t h e  h igher  degree polynomial in tegrands  r e s u l t i n g  from t h e  Taylor- 

Hood element p a i r .  For many s o l v e r s ,  t h e  assembly time is overwhelmed by t h e  

s o l u t i o n  time; t h e r e f o r e  t h e  increased  assembly c o s t  a s s o c i a t e d  wi th  ( 3 . 6 )  is I 

not a s e r i o u s  drawback. Of cour se ,  t h i s  is f u r t h e r  m i t i g a t e d  by t h e  f a c t  t h a t  

f o r  t h e  same -accuracy, one may use a c o a r s e r  g r i d  f o r  ( 3 . 6 )  t h a n  f o r  ( 3 . 3 ) .  

Summarizing, provided t h e  exact  s o l u t i o n  is s u f f i c i e n t l y  smooth, the Taylor- 

Hood element p a i r ,  when compared t o  any of t h e  l i n e a r  v e l o c i t y  e lements ,  y i e l d s  

b e t t e r  accuracy f o r  e s s e n t i a l l y  t h e  same work, o r  a l t e r n a t e l y ,  w i l l  y i e l d  a 

d e s i r e d  l eve l  of accuracy f o r  less c o s t .  

For rec tangles  o r  q u a d r i l a t e r a l s  we  have t h e  analogous p a i r  

where Zh denotes  a subdiv is ion  of i n t o  r e c t a n g l e s .  This  element p a i r  

satisfies the  d i v - s t a b i l i t y  c o n d i t i o n  ( 2 . 5 )  and t h e  e r r o r  estimates ( 3 . 7 ) .  

One may wel l  ask i f  f u r t h e r  e f f i c i e n c i e s  may be gained by using h igher  

order  elements,  e . g . ,  cubic  v e l o c i t i e s  coupled wi th  q u a d r a t i c  p r e s s u r e s .  Here 

one needs t o  consider  t h e  t rade-off  between t h e  i n c r e a s e d  accuracy of  h igher  

order  elements and t h e  increased  complexity of t h o s e  elements .  As i n  o t h e r  

s e t t i n g s ,  e.g. ,  s t r u c t u r a l  mechanics, one g e n e r a l l y  f i n d s  t h a t  t h e  optimum 
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seems t o  be achieved by quadra t i c  elements. Furthermore,  it is ques t ionable  

t h a t  i n  gene ra l  s e t t i n g s  t h e  exac t  s o l u t i o n  of t h e  Navier-Stokes equat ions  is 

s u f f i c i e n t l y  smooth t o  enable  t h e  p o t e n t i a l  b e t t e r  accuracy of h igher  o rde r  

elements.  I n  our o v e r a l l  experience,  we have found t h e  b e s t  choice  of ve loc i ty -  

pressure  elements t o  be t h e  Taylor-Hood element p a i r  ( 3 . 6 ) ,  o r  its 

q u a d r i l a t e r a l  counterpar t  (3.8). 

111.3 - 9)iuerqence Free eternarrtb 

I d e a l l y ,  one would l i k e  t o  choose t h e  f i n i t e  element spaces  vh and Sh s o  

t h a t  t h e  func t ions  belonging t o  vh are  a t  l e a s t  d i s c r e t e l y  divergence f r e e .  

C e r t a i n l y  i f  t h e  func t ions  belonging t o  vh a r e  divergence f r e e  then  they  a r e  

d i s c r e t e l y  divergence f r e e  as w e l l ,  i . e . ,  d ivv  =O f o r  a l l  vh,Vh impl ies  t h a t  

vh=Zh. Such a case  e f f e c t s  a g r e a t  s i m p l i f i c a t i o n  s i n c e  t h e  v e l o c i t y  and 

pressure  uncouple. Indeed, we  need only  so lve  

h 

h h  h h h  h a ( u  ,v ) + c ( u  ,u ,v ) = ( f , v  ) f o r  a l l  VhE vh 

h h  for  t h e  discrete v e l o c i t y  f i e l d  uh s ince  i n  t h i s  case  t h e  term btv , q  ) i n  

(2.1) vanishes  f o r  any v evh=Zh. Also, s i n c e  ZheZ, note  t h a t  i n  t h e  v e l o c i t y  

e s t ima te  ( 2 . 9 )  , Q=O s o  t h a t  t h e  v e l o c i t y  e r r o r  depends only  on t h e  a b i l i t y  t o  

approximate i n  vh. 

h 

Unfor tuna te ly ,  a l though t h e r e  are known some f i n i t e  element p a i r s  such t h a t  

t h e  func t ions  i n  vh a r e  a t  least  l o c a l l y  divergence f r e e ,  t h e s e  have proven t o  

be imprac t i ca l ,  and we w i l l  not consider them here .  We do mention t h a t  one 

obvious method of genera t ing  divergence f r e e  d i s c r e t e  vec tor  f i e l d s  is t o  t ake  

t h e  c u r l  of a piecewise polynomial f i e l d ,  i . e . ,  of a piecewise polynomial 

s t reamfunct ion .  One problem with t h i s  approach is t h a t  i f  one w a n t s  a 
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conforming v e l o c i t y  f i e l d ,  i . e . ,  Vhc$tO,, then  t h e  d i s c r e t e  s t reamfunct ion  

f i e l d  must be chosen t o  be cont inuously d i f f e r e n t i a b l e  over R. I n  R t h i s ,  of 

course ,  n e c e s s i t a t e s  t h e  use of a t  l e a s t  q u i n t i c  s t reamfunct ions  over 

t r i a n g l e s ,  o r  cubic  polynomials over macro-elements, e . g . ,  t h e  Clough-Toucher 

element.  Non-conforming v e l o c i t y  f i e l d s  can a l s o  be genera ted  i n  t h i s  manner. 

See CCa,CN,GRl ,  and GR21 f o r  d e t a i l s .  

2 

111.4 - T h e e  dimena imat  e t e m n t b  

Compared t o  t h e  two dimensional s e t t i n g ,  t h e r e  a r e  known much fewer s t a b l e  

element p a i r s  f o r  t h r e e  dimensional problems. However, t h e r e  is g r e a t  i n t e r e s t  

i n  t h i s  subjec t  and t h e r e f o r e  t h e r e  has been s u b s t a n t i a l  r ecen t  p rogres s .  Here 

we mention a few of t h e  known s t a b l e  t h r e e  dimensional e lements .  

I n  t h e  f i r s t  p l ace ,  t h e  t h r e e  dimensional analogue of t he  Taylor-Hood 

element is known t o  be s t a b l e  i n  3-D; t h i s  may be shown by t h e  methods o f  

VerfUrth o r  Boland-Nicolaides. S p e c i f i c a l l y ,  we subdivide a i n t o  t e t r ahedrons  

and use continuous piecewise quadra t i c  polynomials f o r  t h e  v e l o c i t y  and 

continuous piecewise l i n e a r  polynomials f o r  t h e  p re s su re .  The accuracy of  t h i s  

combination is t h e  same as i n  t h e  two dimensional case .  

Next we cons ider  l inear -cons tan t  e lements .  A g a i n ,  subdivide R i n t o  

t e t rahedrons .  For t h e  p re s su re  space we  choose piecewise c o n s t a n t s  with 

respec t  t o  t h i s  i n i t i a l  subdiv is ion .  Now we subdiv ide  each t e t r ahedron  i n t o  12 

smal le r  te t rahedrons  by f i rs t  jo in ing  t h e  c e n t r o i d  of t h e  f a c e s  t o  t h e  

v e r t i c e s ,  and then  jo in ing  t h e  c e n t r o i d  of t h e  l a r g e  t e t r a h e d r o n  t o  t h e  

v e r t i c e s  and t h e  c e n t r o i d s  of t h e  f aces .  For t h e  v e l o c i t y  space  we choose 

continuous piecewise l i n e a r  polynomials with r e spec t  t o  t h e  sma l l e r  

te t rahedrons  . 

Another stable l inear -cons tan t  element p a i r  is def ined  by f irst  subdiv id ing  
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R i n t o  r e c t a n g u l a r  prisms, o r  more g e n e r a l l y ,  i n t o  d i s t o r t i o n s  of such prisms. 

For t h e  p r e s s u r e  space we choose piecewise c o n s t a n t s  over t h e  r e c t a n g u l a r  

subregions.  We subdivide each rec tangular  prism i n t o  24 t e t r a h e d r o n s  by first 

drawing t h e  two diagonals  of each f a c e ,  t h e n  j o i n i n g  t h e  c e n t r o i d  of t h e  prism 

t o  t h e  ver t ices  and t o  t h e  s i x  i n t e r s e c t i o n  p o i n t s  of t h e  f a c e  d iagonals .  

Both t h e s e  l inear -cons tan t  element p a i r s  are known t o  be s t a b l e  and y i e l d  

t h e  same accuracy resu l t s  a s  t h o s e  f o r  t h e  two dimensional l inear -cons tan t  

p a i r s .  See CBoCl f o r  de ta i l s .  

I IV - A l t e r n a t e  Weak Form and Boundary Condit ions 

I n  t h i s  s e c t i o n  we  examine some v a r i a n t s  of  t h e  weak formulat ion (1.9)- 

( l . l O ) ,  mostly from t h e  viewpoint of how d i f f e r e n t  boundary c o n d i t i o n s  may be 

I incorpora ted  i n t o  a f i n i t e  element method using p r i m i t i v e  v a r i a b l e s .  We a g a i n  

, emphasize t h a t  t h e r e  are many r a d i c a l l y  d i f f e r e n t  weak formulat ions involving u 

l and p which we  w i l l  not be a b l e  t o  consider ;  we  are r e s t r i c t i n g  o u r s e l v e s  t o  
I 

v a r i a n t s  of t h e  most commonly used weak formulat ion.  

Before consider ing boundary condi t ions ,  we b r i e f l y  cons ider  an a l t e r n a t e  

formulat ion of t h e  convection term i n  (1.9). i 

IV.l - I n  aetezrnate , ! a m t a t i o n  a,! t h e  c a n v e c t i o n  t e r n  
1 

, For t h e  purpose of s impl i fy ing  t h e  a n a l y s i s  of t h e  approximate s o l u t i o n  it 

can be u s e f u l  t o  in t roduce  a s l i g h t l y  d i f f e r e n t  weak formula t ion  wherein t h e  

t r i l i nea r  form c ( - ,  , 1 appearing i n  (1.9) is rep laced  by t h e  skew-symmetrized 

form introduced by Teman 

I 
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i 
2 E ( u , u , v )  = -[ c(u,u,v)  - c(w,v,u) 1 -  (4.1) 

One may e a s i l y  v e r i f y  t h a t  Z ( u , u , v ) = c ( u , u , v )  whenever d i m 0  i n  Q and u*n=O on 

r ,  where n denotes  t h e  outward normal t o  r. Therefore ,  due t o  (1.2)-(1.3),  it 

seems i r r e l e v a n t  whether one uses  (1.8) o r  ( 4 . 1 )  i n  a weak formulat ion of  t h e  

Navier- Stokes equat ions .  From an a n a l y s i s  p o i n t  of view, t h e  advantage of  

(4.1) is t h a t  P ( u , u , v ~ = - ~ ( w , v , u )  f o r  any u ,v ,w~I f (R)  while t h e  analogous r e s u l t  

f o r  (1.8) holds o n l y  when di-0 i n  R and one of  u = O ,  v = O  o r  wn=O on r. 
We emphazise t h a t ,  i n s o f a r  as t h e  accuracy of t h e  approximations is  

concerned, it makes no d i f f e r e n c e  whether one uses  ( 1 . 8 )  o r  ( 4 . 1 ) ;  we  merely 

p o i n t  ou t  t h a t  many of  t h e  r e s u l t s  concerning f i n i t e  element approximations of  

s o l u t i o n s  of (1.1)- (1.3) were f i r s t  ob ta ined  through t h e  use of ( 4 . 1 ) .  On t h e  

o t h e r  hand, any implementation of (4.1) w i l l  r e s u l t  i n  more computational work 

t h a n  t h e  analogous implementation of (1.8). 

IV.2 - Ynhomoqeneou3 mOuc i t y  houndwy condition3 

There a re  many d i f f e r e n t  ways t o  t r e a t  inhomogeneous v e l o c i t y  boundary 

condi t ions .  I n  p r a c t i c e ,  t h e  overwhelming choice is t o  use t h e  boundary 

i n t e r p o l a n t .  We d e s c r i b e  t h i s  method f o r  polygonal domains k R  ; e n t i r e l y  

analogous ideas may be used i n  t h r e e  dimensions and f o r  domains wi th  curved 

s ides ,  t h e  l a t t e r  through t h e  a i d  o f ,  e . g . ,  i soparamet r ic  elements.  

2 

Consider t h e  boundary condi t ion  

(4 .2 )  u=g on r 

and t h e  s e t  

( 4 . 3 )  V = [ wd(R) I u s a t i s f i e s  ( 4 . 2 )  ) . 
g 
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Note t h a t  V o = 4 f R ) .  The weak formulat ion which we w i l l  d i s c r e t i z e  is as 

fol lows:  and ~ E L ~ ( R )  such t h a t  (1.9) and (P .10)  hold.  Note t h a t  t h e  

t es t  func t ion  v sti l l  belongs t o  Hi,(n,, i . e . ,  V=O on r.  

2 seek  l l ~ V  
g 

I n  o rde r  t o  pose our d i s c r e t e  problem we choose f i n i t e  element spaces  

vhcdtn) and S cLO(R). We denote by $1, t h e  r e s t r i c t i o n  of V t o  t h e  boundary 

r ,  i .e . ,  $ 1  c o n s i s t  of func t ions  def ined on r and which can agree with t h e  

boundary va lues  of a t  least one func t ion  belonging t o  vh. The f i n i t e  element 

func t ions  belonging t o  vh, being,  f o r  example , piecewise polynomials , cannot i n  

genera l  s a t i s f y  t h e  boundary cond i t ion  ( 4 . 2 ) ;  c e r t a i n l y ,  i n  gene ra l  gd$lr .  

Therefore  w e  choose an approximation t o  g, which we  denote by g , belonging t o  

$ I r .  The most common choice f o r  g , and t h e  one we cons ider  he re ,  is t h e  

i n t e r p o l a n t  of g i n  81,. 

h 2  h 

r 

h 

h 

This  choice is t r i v i a l  t o  implement, which a t  l e a s t  p a r t i a l l y  accounts f o r  

its popu la r i ty .  For example, suppose vh is a Lagrange f i n i t e  element space ,  

i . e . ,  one whose degrees  of freedom are exc lus ive ly  func t ion  va lues  a t  po in t s .  

Let Cvk3, k=Z, . . . ,K denote t h e  usual f i n i t e  element b a s i s  f o r  8. Let t h e  f i r s t  

K of t h e s e  b a s i s  func t ions  be assoc ia ted  with i n t e r i o r  nodes x s o  t h a t  f o r  

k = i ,  ..., K, v =O f o r  mT. The remaining bas i s  func t ion  Cv 3 ,  k=K+i ,... , K ,  a r e  

a s soc ia t ed  with nodes xk ly ing  on r.  I n  p r a c t i c a l  implementations t h e r e  are 

more e f f i c i e n t  node numbering schemes than t h e  one we a r e  us ing;  however, t h e  

l a t t e r  s i m p l i f i e s  t h e  explana t ions  being attempted here .  

k 

k k 

Choosing gh t o  be t h e  boundary in t e rpo lan t  . o f  g is then  equiva len t  t o  

wr i t i ng  

i n  ( 4 . 4 )  B k J  k=Z ,... ,K, a r e  t h e  unknown c o e f f i c i e n t s  t o  be determined; the  
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c o e f f i c i e n t s  of t h e  basis f u n c t i o n s  a s s o c i a t e d  with boundary nodes are s imply 

set  equal  t o  g eva lua ted  a t  t h e  corresponding node. Note t h a t  ( 4 . 4 )  i m p l i e s  
I 
4 t h a t  

The contr ibutaon t o  uh emanating from t h e  second summation of  ( 4 . 4 )  becomes 

p a r t  of  t h e  d a t a  of  t h e  discrete  system of  equat ions.  I 
Once an approximation gh is chosen, one may d e f i n e  t h e  s e t  

Note t h a t  is t h e  f i n i t e  element subspace of $ ( Q )  used i n  conjunct ion  wi th  

t h e  homogeneous boundary c o n d i t i o n  (1 .3 ) ;  a l s o ,  c l e a r l y  VhcdcQ) is not a 
g 

subse t  of V Now, t h e  approximate problem may be d e f i n e d  a s  fo l lows:  seek 

uh6vh and p ES cLo(Q) such t h a t  (2 .1) - (2 .2)  hold f o r  a l l  vh6$ and q ES , 

r e s p e c t i v e l y .  Again, t h e  t e s t  f u n c t i o n s  vh vanish on t h e  boundary r .  

h h  
g' 
h h 2  

g 

The whole d i s c u s s i o n  of  t h e  d i v - s t a b i l i t y  c o n d i t i o n  ( 2 . 5 )  c a r r i e s  over 

i n t a c t  t o  t h e  case  of  t h e  inhomogeneous boundary ( 4 . 2 ) ;  i n  (2 .5 )  we s t i l l  use 

t h e  subspace of f i n i t e  element v e l o c i t y  f i e l d s  which vanish  on t h e  boundary. 

R e s u l t s  analagous t o  t h o s e  of s e c t i o n  11.3 can be der ived  i n  a f a i r l y  

s t r a i g h t f o r w a r d  manner wi th  t h e  except ion  of some t e c h n i c a l i t i e s  encountered 

f o r  t h e  L (R)-error estimate f o r  t h e  v e l o c i t y  approximation. See EGP, FGP, GR21 

f o r  d e t a i l s .  

$ 

2 

h .  I n  p a r t i c u l a r ,  i f  g 1s chosen t o  be t h e  boundary i n t e r p o l a n t  of g i n  $ I r ,  

t hen  a l l  t he  r e s u l t s ,  e . g . ,  e r r o r  estimates, concerning t h e  f i n i t e  element 

spaces  discussed i n  s e c t i o n  I11 are e s s e n t i a l l y  s t i l l  v a l i d  f o r  t h e  
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inhomogeneous v e l o c i t y  boundary condi t ion  (4 .2 ) .  Again, see CGP, FGP and GR23 

for detai ls .  

I 

I V . 3  - dtternate loundary conditionb and ,!omtatianb oe the u i x o u b  t e r m  

I n  t h i s  s e c t i o n  we examine how d i f f e r e n t  choices  f o r  t h e  v i s c o u s  term i n  

(1.1) affect t h e  n a t u r a l  boundary condi t ions  o f  corresponding weak formla t ions .  

Some of t h i s  material can be found i n  CGLNI. 

Due t o  ( 1 . 2 ) ,  when u is c o n s t a n t ,  t h e  v i scous  term i n  1 1 . 1 )  may be w r i t t e n  

i n  t h e  v a r i o u s  equiva len t  forms 

(4 .5 .1 )  vAu = 

T (4 .5.2)  d i v (  v [  (grad u )  + (grad  u)  ] ]  = 

(4 .5.3)  -ucurl  ( c u r l u )  = 

(4.5.4) v [  g r a d ( d i v u )  - c u r l ( c u r 1 u )  ) . 

Although t h e s e  d i f f e r e n t  r e a l i z a t i o n s  a r e  equiva len t  i n s o f a r  as t h e  p a r t i a l  

d i f f e r e n t i a l  equat ions  are concerned, we s h a l l  see t h a t  each g e n e r a t e s  a 

d i f f e r e n t  numerical method. 

I f  f o r  some reason v is not constant  o r  d ivW0,  t h e n  only  ( 4 . 5 . 2 )  may be 

used. Indeed, ( 4 . 5 . 2 )  is t h e  form o f  the v iscous  term which ar ises  n a t u r a l l y  

i n  t h e  d e r i v a t i o n  of  t h e  Navier-Stokes equat ions  from t h e  p r i n c i p l e  of 

conserva t ion  of  - l i n e a r  momentum and the  Cauchy-Poisson c o n s t i t u t i v e  equat ion .  

The o t h e r  t h r e e  forms ( 4 . 5 . 1 ) ,  (4 .5 .3)  and (4 .5 .4 )  are d e r i v e d  from (4 .5.2)  

with t h e  a id  of  ( 1 . 2 )  and t h e  assumption t h a t  u=constant .  I n  (1.1) we have used 
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(4.5.1) only because t h i s  is t h e  most popL-ar choice  i n  t h e  l i t e r a t u r e ;  a l -  of  

t h e  r e s u l t s  ob ta ined  so  f a r  hold e q u a l l y  w e l l  i f  one chooses (4.5.2) i n s t e a d .  

As w i l l  be seen  from t h e  d i s c u s s i o n  below, (4.5.2) is, i n  g e n e r a l ,  t o  be 

p r e f e r e d  t o  (4.5.1). 

Denote two segments of  t h e  boundary r by r and rT. These segments may be 

empty, a r e  not  n e c e s s a r i l y  d i s j o i n t  and, i n  f ac t ,  may be equa l .  Now, f o r  f i x e d  

g iven  func t ions  g 

n 

and gT, d e f i n e  t h e  se t  n 

v = [ -Hi I v*n=g on r * nxvxn=g on rT g n n ’  T 

and t h e  spaces 

v0 = vE$ I v.n=O on rn ; vxn=o on r 1 r 

and 

2 2 
0 n S = L f R )  i f  r =r , S=L ( R )  otherwise .  

where v-n  denotes t h e  component of  v normal t o  t h e  boundary r and 

nxvxn=v-(v*n)n is t h e  p r o j e c t i o n  of  v onto t h e  plane tangent  t o  r.  I n  t h e  

d e f i n i t i o n  of  V we may use vxn=0 due t o  t h e  r e l a t i o n  vxn=nx(mvxn), i . e . ,  

nxvxn=O implies t h a t  nxv=O. I n  R , nxvxn=v*r where T is t h e  u n i t  t angent  v e c t o r  

0 
2 

t o  r .  
Suppose t h a t  we wish t o  s p e c i f y  t h e  boundary c o n d i t i o n s  

(4.6.1) 

and 

(4 .6.2)  

u*n=g on rn n 

nxuxn=g on r . 
T T 
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rT 
i . e . ,  t h e  normal v e l o c i t y  on r and t h e  t a n g e n t i a l  v e l o c i t y  on n 
r e s p e c t i v e l y .  For a l l  t h e  weak formulat ions which we w i l l  cons ider  involving 

any of t h e  choices  i n  (4 .51,  ( 4 . 6 )  w i l l  be e a w n t i a t  h u n d m p  c a n d i t i a n a .  Thus 

t h e  t r i a l  s o l u t i o n  f u n c t i o n s  u w i l l  s a t i s f y  (4 .61 ,  i.e., E V  and t h e  t e s t  

f u n c t i o n s  s a t i s f y  m V 0 .  
g’ 

Consider t h e  fol lowing weak formulation: f o r  i=1,2,3 o r  4,  seek  UEV and 
g 

~ E S  such t h a t  

( 4 . 7 )  

and 

(4.8) 

0 a . ( u , v )  + b(v ,p )  + c ( u , u , v )  = ( f , v )  + d ( v )  f o r  a l l  VEV 
1 

b(u,q) = 0 f o r  a l l  q d .  

Here, b(-,*) and c ( - , - , * )  remain as i n  ( 1 . 7 )  and (1.8), r e s p e c t i v e l y ,  and f 

cont inues  t o  denote t h e  body f o r c e  appearing i n  t h e  momentum equat ion.  The 

I l i n e a r  f u n c t i o n a l  d ( * )  is given by 

where t h e  f u n c t i o n s  r and s are a d d i t i o n a l  d a t a  f o r  t h e  problem. In ( 4 . 9 ) ,  f o r  

example, r/r denotes  t h e  complement of rn i n  r ,  i . e . ,  rnT/T, impl ies  t h a t  rnr n 
i 
I but i T n .  Also,  s i n c e  v is an a r b i t r a r y  t es t  f u n c t i o n ,  i n  d i r e c t i o n  vxn can be 

taken  t o  be v e c t o r s  spanning t h e  tangent  p lane  t o  r .  

i The b i l i n e a r  forms a f a , - ) ,  i=f, ..., 4, depend on t h e  choice made i n  ( 4 . 5 )  

b and, corresponding t o  t h e  f o u r  choices  poss ib le  i n  (4 .51,  a r e  g iven  by 

(4.10.1)  a l (u ,v)  = vf gradu:gradv 
R 
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T T a ( u , v )  = 1 u[ gradu  + (gradu)  ) : ( gradv + (gradv)  ] 
2 n  2 (4 .10.2)  

(4 .10 .3 )  

and 

I n  t h e  customary manner, should u and p be s u f f i c i e n t l y  smooth, one can,  

through formal i n t e g r a t i o n  by p a r t s  procedures ,  a s c e r t a i n  what d i f f e r e n t i a l  

equat ion  problem t h e  weak formulat ion ( 4 . 7 ) - ( 4 . 8 )  corresponds t o .  To begin 

wi th ,  w e  know t h a t  t h e  boundary c o n d i t i o n s  ( 4 . 6 )  are s a t i s f i e d  s i n c e  t h e s e  a r e  

being required of t h e  candida te  t r i a l  f u n c t i o n s  u.  We a l s o  f i n d  t h a t  t h e  

d i f f e r e n t i a l  equat ions  (1.1) and ( 1 . 2 )  are s a t i s f i e d ,  where i n  (1.1) t h e  

v iscous  term is rep laced  according t o  (4 .51,  depending on which choice  is made 

i n  ( 4 . 1 0 ) .  F i n a l l y ,  one f i n d s  t h e  natwca9 .boundary c o n d i t i o n 3  corresponding t o  

t h e  p a r t i c u l a r  weak formulat ion.  We w i l l  now d i s c u s s  t h e s e  i n  some d e t a i l  f o r  

each poss ib le  choice i n  ( 4 . 1 0 ) .  4 

Corresponding t o  t h e  p a i r e d  choices  (4 .5 .1 )  and (4 .10 .1 )  we have t h e  

n a t u r a l  boundary condi t ions  

(4 .11 .1 )  p - unegraduon = r on T / T n  and un-graduxn = si on T / T T .  

Unfortunately,  t h e s e  boundary c o n d i t i o n s  have AO p h y b i c a 0  meaning .  Thus t h e  

choice ( 4 . 5 . 1 ) ,  o r  e q u i v a l e n t l y  ( 4 . 1 0 . 1 ) ,  can only  be used i n  conjunct ion  wi th  

t h e  boundary c o n d i t i o n  ( 4 . 6 )  s p e c i f i e d  on a l l  of T ,  i . e . ,  u given on T =T =T .  n T  
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Next, cons ider  t h e  choices  (4.5.1) and (4 .10 .1) .  The n a t u r a l  boundary 

cond i t ions  are then  

t 

T 

T 
I -p + un. (gradu + (gradu)  ) e n  = -r 

1 uno (gradu + (gradu)  1x11 = -s 

on f/fn 

on f/rT . 
and 

(4.11.2)  

Thus -r and -s are t h e  normal and t a n g e n t i a l  s t r e s s e s ,  r e s p e c t i v e l y ,  on t h e  

boundary. Then, f o r  t h e  choice (4.10.21, t h e  poss ib l e  combinations of boundary 

cond i t ions  a t  a po in t  on t h e  boundary f are a s  fol lows:  we may s p e c i f y  t h e  

v e l o c i t y ,  o r  we  may s p e c i f y  t h e  normal v e l o c i t y  and t h e  t a n g e n t i a l  stress, o r  

we may s p e c i f y  t h e  t a n g e n t i a l  v e l o c i t y  and t h e  normal s t r e s s .  The l a t t e r  

combinations a r e  u s e f u l ,  e .g . ,  f o r  f r e e  s u r f a c e  problems o r  a t  a r t i f i c i a l  

outf low boundaries .  D e t a i l s  may be found i n  CGLNI. 

The t h i r d  choice ( 4 . 5 . 3 ) ,  o r  (4 .10 .3 ) ,  y i e l d s  t h e  n a t u r a l  boundary 

cond i t ions  

and w = s/u on T / f  
T 

(4 .11 .3)  p = r on r/fn 

s o  t h a t  r and s a r e  t h e  pressure  p and u times t h e  v o r t i c i t y  w c u r l u ,  

r e s p e c t i v e l y ,  on t h e  boundary. The p o s s i b l e  combinations of boundary 
b 

cond i t ions  a r e  now: we may spec i fy  the v e l o c i t y ,  o r  we  may s p e c i f y  t h e  normal 

v e l o c i t y  and t h e  v o r t i c i t y ,  o r  we may s p e c i f y  t h e  t a n g e n t i a l  v e l o c i t y  and t h e  

p re s su re .  The p res su re  is o f t e n  used as an outf low cond i t ion ;  t h e  v o r t i c i t y  is 

u s e f u l  i n  e x t e r i o r  problems when matching t o  an i n v i s c i d  i r r o t a t i o n a l  f low 

s i n c e  it is wel l  known t h a t  t h e  v o r t i c i t y  decays t o  i ts  va lue  a t  i n f i n i t y  

f a s t e r  t h a n  does t h e  v e l o c i t y .  Again, d e t a i l s  may be found i n  CGLNI. 

Unfor tuna te ly ,  a l though the  boundary cond i t ions  a s soc ia t ed  with t h e  u s e  o f  

(4 .10.3)  can be u s e f u l ,  i n  p r a c t i c e  we cannot employ t h i s  p a r t i c u l a r  
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formulat ion of  t h e  v iscous  term. The reason f o r  t h i s  is t h a t  t h e  choice  

(4 .10 .3 )  r equ i r e s  t h e  use  of divergence f r e e  f i n i t e  element v e l o c i t y  f i e l d s  i n  

o rde r  f o r  t he  form a ( - , * )  t o  be coe rc ive  on zh. This  cond i t ion  is a l s o  needed 

t o  guarantee t h e  s t a b i l i t y  of  t h e  approximations and, f o r  t h e  o t h e r  t h r e e  c a s e s  

(4 .10 .1 ) ,  (4 .10 .2)  and (4 .10 .4 ) ,  is t r i v i a l l y  s a t i s f i e d  f o r  any choice  o f  

conforming d i s c r e t e  v e l o c i t y  space.  

3 

For tuna te ly ,  t h e  boundary cond i t ions  (4 .11 .3)  are a p p r a x i m a t e t y  t h e  n a t u r a l  

boundary condi t ions  a s soc ia t ed  with t h e  choice (4 .11 .4 ) .  I n  f a c t ,  f o r  ( 4 . 1 0 . 4 ) ,  

we have the  n a t u r a l  boundary cond i t ions  

( 4.11.4)  p - v d i w  = r on T / rn  and o = s/v on r/rT . 

The second of t h e s e  is i d e n t i c a l  t o  t h e  second of ( 4 . 1 1 . 3 ) .  If u is "small", 

and/or i f  we assume t h e  incompress ib i l i t y  c o n s t r a i n t  holds  up t o  po r t ions  of 

t h e  boundary where t h e  normal v e l o c i t y  is nut s p e c i f i e d ,  t hen  (p-vdivu) is 

e s s e n t i a l l y  equal  t o  p. Thus w e  recover ,  a t  least  approximately,  t h e  f irst  

boundary condi t ion  o f  ( 4 . 1 1 . 3 ) .  

I n  summary, when one has  v e l o c i t y  and/or s t r e s s  boundary c o n d i t i o n s ,  one 

should use (4.11.2)  i n  (4 .7 )  and when one has  v e l o c i t y  and/or p re s su re  and/or 

v o r t i c i t y  boundary cond i t ions  t h e  choice (4.11.4)  is p r e f e r a b l e .  

The d i s c r e t i z a t i o n  of (4 .7 ) - (4 .8 )  fo l lows  t h e  usua l  procedures  once one 

chooses the f i n i t e  element spaces  f o r  t h e  v e l o c i t y  and t h e  p re s su re  

approximations. The n a t u r a l  boundary cond i t ions  are au tomat i ca l ly  acounted f o r  

by t h e  inc lus ion  of t h e  l i n e a r  f u n c t i o n a l  d ( = )  i n  ( 4 . 7 ) .  The e s s e n t i a l  boundary 

cond i t ions  on t h e  components of t h e  v e l o c i t y  can be e n f o r c e d - i n  a manner 

analogous t o  t h a t  descr ibed  i n  s e c t i o n  IV.2 f o r  t h e  case  where t h e  complete 

v e l o c i t y  i s  s p e c i f i e d  on t h e  whole boundary. A l l  m a t e r i a l  r e l a t i n g  t o  t h e  div- 
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s t a b i l i t y  cond i t ion  ( 2 . 5 )  is e s s e n t i a l l y  s t i l l  v a l i d ,  and t h u s ,  i n s o f a r  as t h a t  

cond i t ion  is  concerned, t h e  p a r t i c u l a r  choices  of  f i n i t e  e lements  d i scussed  i n  

s e c t i o n  I11 may st i l l  be used. 

I n  a c t u a l i t y ,  t h e r e  a r e  very few r igorous  e r r o r  e s t ima tes  a v a i l a b l e  f o r  

boundary cond i t ions  o the r  than t h e  ve loc i ty .  For polygonal or  polyhedral  

domains R ,  t h e  e r r o r  e s t ima tes  of s ec t ion  11.3 a r e  s t i l l  v a l i d .  However, f o r  

domains wi th  cwrved Loundazcied, using t h e  type o f  weak formula t ions  d iscussed  

here  may r e s u l t  i n  a l o s s  of accuracy. For example, f o r  (4 .10 .2)  with normal 

v e l o c i t y  and t a n g e n t i a l  s t r e s s  boundary cond i t ions ,  i t  was shown Sy Verfiir th 

CV21 t h a t  t h e r e  is a loss of accuracy due t o  a Babuska type  paradox, i . e . ,  t he  

l i m i t  of s o l u t i o n s  of problems posed on polygonal approximations t o  skR2 is not 

t h e  s o l u t i o n  of t h e  problem posed on R. Verfur th  CV31 h a s  a l s o  shown how 

through t h e  use of a d d i t i o n a l  Lagrange m u l t i p l i e r s  on the  boundary, a d i f f e r e n t  

weak formula t ion  y i e l d s  optimal accuracy. 
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formulation. We address the discretization of a weak formulation of the Navier- 
Stokes equations; we then consider the div-stability condition, whose 
satisfication insures the stability of the approximation. Specific choices of 
finite element spaces for the velocity and pressure are then discussed. Finally, 
the connection between different weak formulations and a variety of boundary 
conditions is explored. 
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